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pensate the path loss, meanwhile compromise between hardware complexity and system performance. Based on the sparse scattering na⁃
ture of the mmWave channel, the received signal at the AP is organized to a four-order tensor by the introduced novel frame structure. A 
CANDECOMP/PARAFAC (CP) decomposition-based method is proposed for time-varying channel parameter extraction, including angles 
of departure/arrival (AoDs/AoAs), Doppler shift, time delay and path gain. Then leveraging the estimates of channel parameters, a nonlin⁃
ear weighted least-square problem is proposed to recover the location accurately, heading and velocity of vehicles. Simulation results 
show that the proposed methods are effective and efficient in time-varying channel estimation and vehicle sensing in mmWave MIMO-
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1 Introduction

Due to the large available bandwidth and small wave⁃
length, millimeter wave (mmWave) communication 
technology has received much attention. To compen⁃
sate for the severe path loss of mmWave systems, 

large antenna arrays are usually used at the transmitter and 
receiver to provide sufficient beamforming gain for mmWave 
communications. However, to obtain the directional beam 
gain, accurate channel information needs to be realized by 
channel estimation[1–5].

In recent years, the millimeter-wave channel estimation 
problem has been widely investigated. By exploring its spar⁃
sity in the angular domain, the millimeter-wave channel esti 
mation problem is equivalent to a sparse signal recovery 
problem, which can be solved with the help of compressive 
sensing tools[6]. It has been shown in Refs. [6–7] that a sub⁃

stantial reduction in training overhead can be achieved via 
compressed sensing methods. Also, a low-complexity chan⁃
nel estimation algorithm was proposed by exploiting the 
strongest angles of arrival in mmWave channels[8]. Besides, 
the authors in Ref. [9] exploited the delay-domain sparsity 
of wideband channels and a sparse signal recovery-based 
scheme was proposed for channel estimation. Moreover, 
tensor-based channel estimation was introduced in Refs. 
[10] and [11], which exploited the multi-dimensional charac⁃
teristics of the mmWave multiple-input multiple-output 
(MIMO) channels with the low-rank property. Specifically, 
the received signal was organized to a third-order tensor, 
and a CANDECOMP/PARAFAC (CP) decomposition-based 
method was proposed to estimate channel parameters includ⁃
ing angles of departure/arrival (AoDs/AoAs), time delays, 
and fading coefficients. However, in practice, the wireless 
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transceivers may have high-speed relative movements, e. g., 
high-speed trains[12], unmanned aerial vehicles (UAVs) [13] 
and vehicle-to-everything (V2X) networks[14]. In particular, 
the high-speed relative movements introduce severe Dop⁃
pler effects on the multiple propagating paths and result in a 
time-varying multipath mmWave channel. To enable high 
data rate transmissions for high mobility, the time-varying 
mmWave channel estimation has been studied in Refs. [15–
16]. In Ref. [15], the time-varying channel estimation was di⁃
vided into two separate stages including AoA/AoD estima⁃
tion and followed by a path gain estimation. Also, by re-
arranging the received signal, a canonical polyadic decom⁃
position (CPD) -based method was developed in Ref. [16] to 
estimate the time-varying mmWave channel.

The relative position and relative velocity of the transmit⁃
ter and the receiver are known as channel estimations that 
give information on the AoA/AoD and the Doppler shift. Fur⁃
thermore, the location information may be utilized as a stand-
in for channel information to enable beamforming. This 
means that if the position of the mobile station (MS) is 
known, the AP can steer its transmission to the MS, either di⁃
rectly or via a reflective path. Further, the velocity informa⁃
tion can be utilized to predict the position of MS, which 
helps the AP to perform beam alignment efficiently. This 
leads to synergies between communication and sensing. Pre⁃
vious works in Refs. [17– 19] for millimeter waves and in 
Refs. [20–21] for massive MIMO explored using 5G tech⁃
niques to acquire location and orientation. Ref. [17] consid⁃
ered estimating and tracking AoA by beam switching. The 
MS localization was formulated as a hypothesis-testing prob⁃
lem in Ref. [18]. Besides, Ref. [19] obtained meter-level po⁃
sitioning accuracy by measuring received signal strength lev⁃
els. In the massive case, Ref. [20] addressed the estimation 
of angles, while Ref. [21] considered the joint delay and 
AoD/AoA estimation in the line-of-sight (LoS) conditions, 
and the impact of errors in delay and phase shifters was also 
analyzed.

In this paper, we consider the integrated sensing and com⁃
munications for a millimeter wave MIMO-orthogonal fre⁃
quency division multiplexing (MIMO-OFDM) Vehicle-to-
Infrastructure (V2I) system. Specifically, we formulate the 
time-varying mmWave channel model for a MIMO-OFDM 
system and propose a novel frame structure. The received 
signal in the training stage is organized to a four-order ten⁃
sor, and then a CP decomposition-based method is intro⁃
duced to estimate the channel parameters. After the channel 
parameters in each AP are available, a nonlinear weighted 
least-square problem is proposed to recover the location, 
heading and velocity of the vehicle accurately.
2 System Model

We consider an uplink V2I mmWave OFDM system, 
where each access point (AP) is equipped with a uniform lin⁃

ear array (ULA) of Nr antennas and the vehicle is equipped 
with a ULA with Nt antennas. The system is assumed to oper⁃
ate at a carrier frequency fc and the total number of OFDM 
tones (subcarriers) is Q̄. The q-th subcarrier shift is fq = qfs

Q̄
, 

where fs is the sampling rate. The duration time of an OFDM 
symbol is set to Tsym. The vehicle is moving at a certain 
speed, and the relative motion between the AP and the ve⁃
hicle gives rise to the Doppler effect, which in turn leads to 
time-varying channels.
2.1 Time-Varying Channel Model

Due to the sparse scattering characteristic of mmWave 
channels, we adopt a geometric wideband mmWave channel 
model to characterize the channel between the AP and the 
vehicle[22]. Specifically, considering the Doppler shift caused 
by the vehicle’s mobility, the frequency-domain mmWave 
channel associated with the q-th subcarrier at the t-th time 
instant can be expressed as follows[15, 23].
Hq ( t ) = ∑

l = 1

L

βt,l aR (ϕl )aH
T (θl )e- j2πfqτl ej2πνl t, (1)

where L represents the number of signal paths, βt,l, θl, ϕl, τl and νl denote the complex path gain, AoD/AoA, time delay, 
and Doppler shift of the l-th path, respectively. The Doppler 
shift can be calculated as νl = vl fc /c, where vl is the radial 
velocity (i.e. the component of velocity along the line of sight 
to the observer) of the l-th path, and c represents the speed 
of light. Here we assume the path gain βt,l remains unaltered 
during one OFDM frame, where the frame structure will be 
elaborated later. Also, we assume that the angle parameters 
such as AoAs and AoDs remain unchanged within the frame, 
as these parameters depend only on the relative positions of 
the AP, the vehicle, and the scatterers[2]. The steering vec⁃
tors of the vehicle and the AP are represented by 
aT (θ ) ∈ CNt and aR (ϕ ) ∈ CNr, which are given as

aT (θ ) ≜ 1
Nt

é
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aR (ϕ ) ≜ 1
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d (Nr - 1) sin (ϕ )ù
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T

, (3)
where d denotes the distance between two adjacent antenna 
elements, and typically d is set to be half of the signal wave⁃
length.
2.2 Uplink Transmission and Signal Model

We assume that hybrid analog and digital beamforming 
structures are employed by both the vehicle and the AP. Spe⁃
cifically, the vehicle and the AP are respectively equipped 
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with Mt ≤ Nt and Mr ≤ Nr radio frequency (RF) chains. At 
each time instant, the pilot symbol of each subcarrier sq ( t ) is 
first precoded by a baseband precoding vector fD,q ( t ) ∈ CMt. 
Then the symbol blocks are converted to a time domain by 
Mt Q̄-point inverse discrete Fourier transforms (IDFTs). Af⁃
ter that, the cyclic prefix is added and then followed by an 
analog RF beamformer FA ( t ) ∈ CNt × Mt, which is common for 
all subcarriers. Finally, the signal transmitted at the q-th 
subcarrier can be written as:
xq ( t ) = FA ( t ) fD,q ( t ) sq ( t ) ≜ fq ( t ) sq ( t ), (4)

where fq ( t ) ≜ FA ( t ) fD,q ( t ) denotes the hybrid precoding vec⁃
tor.

At each AP, the received signal is first combined with an 
RF combiner WA ( t ) ∈ CNr × Mr, which is common for all sub⁃
carriers. After the cyclic prefix is removed, the symbols are 
transformed to the frequency domain by Mr Q̄-point DFTs 
and then the symbols associated with the q-th subcarrier are 
combined by a digital baseband combining matrix 
WD,q ( t ) ∈ CMr × M, where M ≤ Mr. With the assumption of per⁃
fect time synchronization, the received signal at the q-th sub⁃
carrier can finally be written as:
yq ( t ) = W HD,q ( t )W HA ( t ) (Hq ( t )xq ( t ) + nq ( t ) ) ≜
W H

q ( t )Hq ( t ) fq ( t ) sq ( t ) + W H
q ( t )nq ( t ) , (5)

where Wq ( t ) ≜ WA ( t )WD,q ( t ) denotes the hybrid combining 
matrix, and nq ( t ) ∈ CNr~CN (0,σ2

n ) is the additive white 
Gaussian noise.

Our objective is to estimate the channel parameters in⁃
cluding the complex gain, AoA, AoD, time delay and the 
Doppler shift for each path. After the channel parameters 
are estimated, the obtained channel state information is fur⁃
ther used for estimating the location, speed and heading of 
the target vehicle. In the following section, we propose a 
novel training protocol that allows to express the received 
signal as a fourth-order tensor that admits a CPD.
3 Proposed Approach

3.1 CP Formulation
To facilitate the algorithmic development, we first propose 

a new frame structure, where each frame is divided into Kf subframes, and each subframe consists of P OFDM symbols. 
The first K subframes are used for channel estimation, and 
the rest Kf - K subframes are used for data transmission. For 
each frame, the frequency-domain channel associated with 
the q-th subcarrier at a certain time, e.g., at the p-th symbol 
of the (k + 1)-th subframe, can be expressed as:
Hq [(kP + p)Tsym ] = ∑

l = 1

L

βl aR (ϕl )aH
T (θl )e- j2πfqτl ej2πνl (kP + p)Tsym. (6)

For notational convenience, Hq [ (kP + p )Tsym ] is also de⁃
noted by Hq [ k, p ]. Similarly, we use FA [ k, p ], fD,q [ k, p ], and 
sq [ k, p ] to respectively represent FA [ (kP + p )Tsym ], 
fD,q [ (kP + p )Tsym ], and sq [ (kP + p )Tsym ].

In the channel estimation stage, we suppose FA [ k,p ] =
FA [ p ], fD,q [ k,p ] = fD [ p ] and sq [ k,p ] = s [ p ] = 1. Thus, we 
have:
xq [ k,p ] = f [ p ] . (7)
Similarly, we suppose WA [ k,p ] = WA [ p ], WD,q [ k,p ] =

WD [ p ], and let W = W [ p ] ≜ WA [ p ]WD [ p ]. Consequently, 
the received signal at the q-th symbol of the k-th subframe 
can be expressed as:
yq [ k, p ] = W HHq [ k,p ] f [ p ] + W Hnq [ k, p ]. (8)
We define
Hq,l [ k ] ≜ βlaR (ϕl )aH

T (θl )e- j2πfqτl ej2πνl kPTsym. (9)
We can express Hq [ k, p ] as：
Hq [ k, p ] = ∑

l = 1

L

Hq,l [ k ] ej2πνl pTsym. (10)
For each subcarrier, we collect signals received at each 

subframe and define 
Yk,q ≜ [ yq [ k,1 ]  ⋯ yq [ k,P ] ] ∈ CM × P. We can express 
Yk,q as:
Yk,q = ∑

l = 1

L

W HHq,l [ k ] FΞνl
+ Nk,q, (11)

where F ≜ [ f [1 ]⋯f [ P ] ] ∈ CNt × P, Ξνl
≜ diag ( g͂ (νl )), and

g͂ (νl ) ≜ [ ej2πνlTsym  ⋯ ej2πνl PTsym ]T ∈ CP. (12)
Substituting Eq. (9) into Eq. (11), we obtain:
Yk,q = ∑

l = 1

L

βl e- j2πfqτl ej2πνl kPTsymWHaR (ϕl )aH
T (θl )FΞνl

+ Nk,q =

∑
l = 1

L

βl e- j2πfqτl gk (νl )WHaR (ϕl )aH
T (θl )FΞνl

+ Nk,q =

∑
l = 1

L

βl e- j2πfqτl gk (νl )a͂R (ϕl )a͂T (θl,νl ) + Nk,q  , (13)
where a͂T (θl,νl ) ≜ Ξ H

νl
FHaT (θl ) ∈ CP, gk (νl ) ≜ ej2πνl kPTsym and 

a͂R (ϕl ) ≜ W HaR (ϕl ) ∈ CM.
For each subcarrier, the received signal collected from all 

K subframes can naturally be organized as a third-order ten⁃
sor Yq ∈ CM × P × K. Note that each slice of the tensor Yq, Yk,q, is a weighted sum of a common set of rank-one outer prod⁃
ucts. Therefore, the tensor Yq admits a CP decomposition 
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that decomposes a tensor into a sum of rank-one component 
tensors, i.e.,

Yq = ∑
l = 1

L

βl e- j2πfqτl a͂R (ϕl ) ∘ a͂T (θl,νl ) ∘ g (νl ) + Nq, (14)
where g (νl ) ≜ [ ej2πνl PTsym  ⋯ ej2πνl KPTsym ]T ∈ CK. Further⁃
more, the received signal associated with all Q subcarriers 
can be constructed as a fourth-order tensor Y ∈ CM × P × K × Q, 
which also admits a CP decomposition as follows.
Y = ∑

l = 1

L

a͂R (ϕl ) ∘ a͂T (θl,νl ) ∘ g (νl ) ∘ βl f (τl ) + N, (15)
where f (τl ) ≜ [ e- j2πf1τl  ⋯ e- j2πfQτl ]T ∈ CQ. The four modes 
of the tensor Y ∈ CM × P × K × Q stand for the received data 
stream, the OFDM symbol, the subframe and the subcarrier, 
respectively.

Due to the sparse scattering characteristics of mmWave 
channels, the CP rank of the fourth-order tensor, equivalent 
to the number of signal paths, is small. Therefore, it is ex⁃
pected that the CPD of Y  is unique for moderate values of 
M, P, K, and Q. Since the training overhead is equal to PKQ, 
it means that only a small amount of training overhead is 
needed to uniquely obtain the factor matrices of the tensor 
Y. After the factor matrices are obtained, the channel param⁃
eters can be readily extracted. Before proceeding, we define 
the four factor matrices as:
A ≜ [ a͂R (ϕ1 ),⋯,a͂R (ϕL ) ] ∈ CM × L,
B ≜ [ a͂T (θ1,νl ),⋯,a͂T (θL,νL ) ] ∈ CP × L,
C ≜ [ g (ν1 ),⋯,g (νL ) ] ∈ CK × L,
D ≜ [ β1 f (τ1 ),⋯,βL f (τL ) ] ∈ CQ × L . (16)

3.2 CP Decomposition
We commence with the number of paths which is known 

or has been estimated a priori. The CP decomposition of C 
can be accomplished by solving the following optimization 
problem.

min
Â,B̂,Ĉ,D̂







 





Y - ∑

l = 1

L

â l ∘ b̂ l ∘ ĉ l ∘ d̂ l

2

F, (17)
where Â = [ â l,⋯,âL ], B̂ = [ b̂ l,⋯,b̂L ], Ĉ = [ ĉ l,⋯,ĉL ], D̂ =
[ d̂ l,⋯,d̂L ] and ‖ ⋅ ‖F denotes the Frobenius norm. The 
above optimization problem can be readily solved by an al⁃
ternating least squares (ALS) procedure. Specifically, ALS 
alternatively minimizes the data fitting error with respect to 
one of the factor matrices, with the other three factor matri⁃
ces fixed. The t-th iteration can proceed as

Â( t + 1) = arg min
Â



 


Y (1) - Â ( )D̂( t - 1)⊙Ĉ ( t - 1)⊙B̂( t - 1) T 2

F

,

B̂( t + 1) = arg min
B̂



 


Y (2) - B̂ ( )D̂( t )⊙Ĉ ( t )⊙Â( t ) T 2

F

,

Ĉ ( t + 1) = arg min
Ĉ



 


Y (3) - Ĉ ( )D̂( t )⊙B̂( t )⊙Â( t ) T 2

F

,

D̂( t + 1) = arg min
D̂



 


Y (4) - D̂ ( )Ĉ ( t )⊙B̂( t )⊙Â( t ) T 2

F ,(18)
where Y (n ) denotes the mode-n unfolding of Y. Note the 
above least squares problems admit closed-form solutions, 
which are given by Â( t + 1) = Y (1)(( D̂( t - 1)⊙Ĉ ( t - 1)⊙B̂( t - 1) ) T ) †, 
B̂( t + 1) = Y (2)(( D̂( t )⊙Ĉ ( t )⊙Â( t ) ) T ) †, Ĉ ( t + 1) = Y (3)(( D̂( t )⊙B̂( t )⊙Â( t ) ) T ) †, 
and D̂( t + 1) = Y (3)((Ĉ ( t )⊙B̂( t )⊙Â( t ) ) T ) †, respectively. The ALS it⁃
eration can proceed until the objective value of Eq. (17) is 
below a predefined threshold. If the knowledge of the num⁃
ber of paths, L, is unavailable, we adopt a multi-dimensional 
minimum description length (MDL) criterion to estimate the 
rank of the tensor[24–25].

Without loss of generality, for an N-way tensor Y with 
rank-R corrupted by zero-mean circularly symmetric com⁃
plex Gaussian (ZMCSCG) noise, we suppose that its CP de⁃
composition is:
Y = ∑

r = 1

R

a (1)
r ∘ a (2)

r ∘ ⋯ ∘ a (N )
r . (19)

Let Mn be the number of rows of the n-th factor matrix of 
Y and the associated factor matrices are defined as 
{ A(n ) }N

n = 1 with A(n ) ∈ CMn × R. Let M͂ ≜ ∏
n = 1

N

Mn. Then for the n-

mode unfolding of Y, we compute the sample covariance ma⁃
trix as：
R̂ (n )

yy = Mn

M͂
[Y (n ) ][Y (n ) ]

H ∈ CMn × Mn. (20)
Define λ (n )

j  as the j-th eigenvalue of the n-th sample covari⁃
ance matrix R̂ (n )

yy , and we assume the Mn eigenvalues of R̂ (n )
yy  

are arranged in a descending order:
λ (n )1 > λ (n )2 > … > λ (n )

Mn  . (21)
The estimation of the matrix rank of Y (n ) can be given by 

the MDL criterion as
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R̂(n ) = arg min
ℓ ∈ { }0,…,Mn - 1

MDL(n ) (ℓ) , where
 
MDL(n ) (ℓ) = ℓ

2 (2Mn - ℓ) log ( M̄ (n ) ) -

M̄ (n )(Mn - ℓ) log

æ

è

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç ( )∏
j = ℓ + 1

Mn

λ (n )
j

1
Mn - ℓ

1
Mn - ℓ ∑

j = ℓ + 1

Mn

λ (n )
j

ö

ø

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷

, (22)

in which M̄ (n ) = ∏
i = 1,i ≠ n

N

Mi. Finally, the rank of the tensor can 
be estimated as R̂ = min { R̂(n ) }N

n = 1.
3.3 Estimation of Channel Parameters

We discuss how to estimate the parameters of the time-
varying mmWave channel based on the estimated factor ma⁃
trices { Â,B̂,Ĉ,D̂ }. Note that the CP decomposition is unique 
up to scaling and permutation ambiguity under a mild condi⁃
tion, as is detailed in the next subsection. More precisely, 
the relationship between the estimated and true factor matri⁃
ces is established as follows:
Â = AΛ1Π + E1,
B̂ = BΛ2Π + E2,
Ĉ = CΛ3Π + E3,
D̂ = DΛ4Π + E4, (23)

where { Λ1, Λ2, Λ3, Λ4 } are unknown nonsingular diagonal 
matrices that satisfy Λ1Λ2Λ3Λ4 = I, Π is an unknown per⁃
mutation matrix, and E1, E2, E3, and E4 denote the estima⁃
tion errors associated with the four estimated factor matri⁃
ces, respectively.

The permutation matrix Π can be ignored as it is common 
to all factor matrices. Note that the l-th column of A and C is 
determined by ϕ̂l and ν̂l, respectively. Hence the AoA and 
the Doppler shift can be estimated via a correlation-based 
method:

ϕ̂l = arg max
ϕl

|âH
l a͂R (ϕl )|‖â l‖2‖a͂R (ϕl )‖2 , (24)

ν̂l = arg max
νl

|ĉH
l g (νl )|‖ĉ l‖2‖g (νl )‖2 . (25)

The l-th column of B is characterized by both θ̂l and ν̂l. Af⁃
ter the Doppler shift is estimated, we define G͂ ∈ CP × L with 
[ G͂ ]p,l = ej2πpTsym ν̂l, and B̆ ∈ CP × L with [ B̆ ]p,l = [ B̂ ]p,l / [ G͂ ]p,l. 

Defining ăT (θl ) ≜ FHaT (θl ) ∈ CP, we can estimate the AoD 
as:

θ̂l = arg max
θl

|b̆H
l ăT (θl )|

‖b̆ l‖2‖ăT (θl )‖2 , (26)
in which b̆ l is the l-th column of B̆. Also, we note that the l-th 
column of D is βl f (τl ). Hence the time delay τl can be esti⁃
mated via

τ̂l = arg max
τl

|d̂H
l f (τl )|

‖d̂ l‖2‖f (τl )‖2 , (27)
where d̂ l denotes the l-th column of D̂.

Finally, we try to recover the complex path gain, given the 
estimated AoA, AoD, time delay and Doppler shift. We de⁃
fine the reconstructed factor matrices as follows.
A͂ ≜ [ a͂R ( ϕ̂1 ),⋯,a͂R ( ϕ̂L ) ] ∈ CM × L,
B͂ ≜ [ a͂T ( θ̂1,ν̂1 ),⋯,a͂T ( θ̂L,ν̂L ) ] ∈ CP × L,
C͂ ≜ [ g ( ν̂1 ),⋯, g ( ν̂L ) ] ∈ CK × L,
D͂ ≜ [ f ( τ̂1 ),⋯, f ( τ̂L ) ] ∈ CQ × L. (28)
Note that the reconstructed factor matrices share the same 

permutation ambiguity Π, and D͂ does not include the com⁃
plex path gains. With the reconstructed A͂,B͂,C͂, we can obtain 
an estimate of the true factor matrix D by resorting to the 
mode-4 unfolding of Y (4), i.e.
D̆ = arg min

D̆



 


Y (4) - D̆ ( )C͂⊙B͂⊙A͂

T 2

F . (29)
Define Ξβ = diag ( β1,⋯, βL ). Theoretically we have

Ξ̂β = arg min
Ξ̂β





D̆ - D͂Ξ̂β

2
F . (30)

Thus the complex path gains can be estimated via a least 
squares (LS) method

β̂l = [ D͂† D̆ ]l,l . (31)

3.4 Uniqueness Condition and Sample Complexity
Clearly, the uniqueness of the CP decomposition is essen⁃

tial to the success of recovering channel parameters. In this 
subsection, we analyze the conditions that ensure the unique⁃
ness of the CPD for our problem. The uniqueness conditions 
also shed light on the sample complexity (i. e. training over⁃
head) required by the proposed algorithm.

A well-known condition for the uniqueness of CPD is 
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Kruskal’s condition. Specifically, let kX denote the k-rank of 
a matrix X, which is defined as the largest value of kX so that 
every subset of kX columns of the matrix X is linearly inde⁃
pendent. We then have the following theorem concerning the 
uniqueness of CP decomposition for the N-th-order tensor, 
which is reported in Ref. [26].

Theorem 1: Let χ be an N-way tensor with rank-R and sup⁃
pose that its CP decomposition is:

χ = ∑
r = 1

R

a (1)
r °a (2)

r °⋯°a (N )
r . (32)

Then a sufficient condition for the uniqueness is

∑
n = 1

N

kA(n ) ≥ 2R + (N - 1). (33)
Note that Kruskal’s condition cannot hold, when R = 1. 

However, in that case, the uniqueness has been proved by 
Harshman. Kruskal’s sufficient condition is also necessary 
for R = 2 and R = 3, but not for R > 3.

From the above theorem, we know that if
kA + kB + kC + kD ≥ 2L + 3, (34)

then the CP decomposition of Y is unique. We first examine 
the k-rank of D = [ f (τ1 ),⋯, f (τL ) ] Ξβ, where f (τl ) has a 
Vandermonde structure. Obviously, D is a columnwise-
scaled Vandermonde matrix, and its k-rank is thus given by 
kD = min { Q,L }.

Next, we examine the k-rank of A. Note that
A = W H [ aR (ϕ1 ),⋯,aR (ϕL ) ] ≜ W HAR , (35)

where AR ∈ CNr × L is a Vandermonde matrix under the ULA 
consideration. It was proved in Ref. [11] that for a randomly 
generated W, the k-rank of A is kA = min { M,L }.

We now study the k-rank of B. The factor matrix B is ex⁃
pressed as:
B =  G*(FH [ aT (θ1 ),⋯,aT (θL ) ]) ≜ G*(FHAT ), (36)

where G ∈ CP × L with [G ]p,l = ej2πpTsym νl, and * denotes the Ha⁃
damard product. Note G has a Vandermonde structure and 
its l-th column is characterized by the Doppler shift of the l-
th path. For a randomly generated F ∈ CNt × P with each of its 
elements uniformly chosen from a unit circle, we define 
bp,l ≜ [G ]p,l f H

p aT (θl ) as the ( p,l )-th entry of B, where fp de⁃
notes the p-th column of F. It can be verified that E [ bp,l ] =
0,∀p, l and

E [ bH
p1,l1 bp2,l2 ] =

ì

í

î

ïïïï

ïïïï

0,              p1 ≠ p2,
ej2πTsym p1 (νl2 - νl1 )

N 2
t

aH
T (θl1 )aT (θl2 ), p1 = p2 . (37)

According to the asymptotic orthogonality for ULA[27], 
aH

T (θl1 )aT (θl2 )/Nt converges to zero as Nt → ∞ with θl1 ≠ θl2. Thus, we can see that the elements of B are uncorrelated 
with each other since different paths have distinct AoDs. As 
a result, the k-rank of B is given as kB = min { P,L }.

As for kC, it can be easily verified that kC = 1 when the ve⁃
hicle is stationary. Moreover, C is a Vandermonte matrix for 
non-stationary vehicles, in which case we have kC =
min { K, L }.

Finally, based on the above analysis, the Kruskal’s condi⁃
tion is equivalent to

min { M,L } + min { Q,L } + min { P,L } + min { K,L } ≥ 2L + 3.
(38)

For a small L, we can reasonably assume that the number 
of subcarriers is greater than L, say, Q ≥ L. Also, if we as⁃
sume M, the dimension of the combining matrix WD,q ( t ), is 
greater than 2, that is M ≥ 2, we only need to ensure 
min { P, L } + min { K, L } ≥ L + 1. Such a condition can be 
easily satisfied by setting either K = 1,P ≥ L or P = 1,K ≥ L.

Note that the training overhead required by the proposed 
method is PKQ. From the above discussion, it is easy to 
know that the amount of training overhead is in the order of 
O ( L2 ). Due to the sparse scattering characteristics of 
mmWave channels, L is usually small. Hence the proposed 
method can achieve reliable channel estimates with a moder⁃
ate amount of training overhead.
4 Vehicle Sensing Based on Channel Esti⁃

mates
In V2I systems, based on the estimated channel param⁃

eters, multiple APs can collaborate to localize a target ve⁃
hicle and estimate its related kinematic parameters such as 
the heading and speed of the vehicle. These estimated posi⁃
tions and kinematic parameters can be used to assist the 
communication between the vehicle and APs, such as beam 
switching and beam tracking. On the other hand, these APs 
can construct a real-time traffic map based on the positions 
and kinematic parameters of different vehicles, which can be 
used to give driving suggestions to vehicles, such as traffic 
jams ahead, vehicle formation, follow-up, and lane change, 
so that the traffic efficiency is enhanced[28].

For simplicity, we consider a two-dimensional Cartesian 
coordinate system (CCS) as illustrated in Fig. 1, where the 
orientation of each AP’s antenna array is assumed to be par⁃
allel with the y-axis. The locations of the n-th AP and the ve⁃
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hicle are respectively denoted as
pnAp = [ xnAp,y nAp ]T ∈ R2,
pv = [ xv,yv ]T ∈ R2, (39)

where pnAP is known while pv is to be estimated. In addition, 
there is an unknown vehicle heading, namely the orientation 
of the vehicle’s antenna array, which is denoted by 
α ∈ [ 0, π

2 ), and the speed of the vehicle in this direction is 
denoted as v.

For each AP, like the n-th AP, we assume there exists a 
LOS path and Ln - 1 non-line-of sight (NLOS) paths. The l-
th ( l > 0) NLOS path is a result of a scatterer at an unknown 
location:
pn,ls = [ xn,ls , y n,ls ]T ∈ R2. (40)
Note that for different APs, different paths may corre⁃

spond to the same scatterer. For the uplink scenario, from 
the geometric relationship delineated in Figs. 1(a) and 1(b), 
the time delay, AoD, and AoA of each path and the positions 
of the vehicle/AP can be expressed as

τn0 = ‖pnAp - pv‖2
c ,

τn
l = ‖pnAp - pn,ls ‖2 + ‖pv - pn,ls ‖2

c , l > 0,

ϕn0 = arctan ( xv - xnAp
yv - y nAp ) ,

ϕn
l = arctan ( xn,ls - xnAp

y n,ls - y nAp ) , l > 0,
θn0 = ϕn0 + α,
θn

l = arctan ( xv - xn,ls
yv - y n,ls ) + α, l > 0  , (41)

▲Figure 1. A schematic for Vehicle-to-Infrastructure (V2I) coordinate systems

(a) AoAs and AoDs of LoS components (b) AoAs and AoDs of NLoS components

(c) Radial angles of LoS components (d) Radial angles of NLoS components
AoA: angles of arrival     AoD: angles of departure      AP: access point     LoS: line-of-sight      NLoS: non-line-of sight
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where ϕn
l ∈ ( )- π

2 , π
2 , and θn

l ∈ ( )- π
2 , π

2 .
To portray the motion relationship between the target ve⁃

hicle and APs, we define the radial angle γn
l ∈ [ 0, π

2 ] , l ≥ 0, 
as shown in Figs. 1(c) and 1(d). For the LoS path, the radial 
angle can be calculated as: 

γn0 =
ì

í

î

ïïïï

ï
ïï
ï

π
2 + ϕn0 + α, xv ≤ xnAp (ϕn0 ≤ 0) ;
π
2 - ϕn0 - α, xv > xnAp (ϕn0 > 0) . (42)

For the NLoS path, the radial angle can be calculated as

γn
l =

ì

í

î

ïïïï

ï
ïï
ï

π
2 + ϕn

l + α, xv ≤ xn,ls  (ϕn
l ≤ 0) ;

π
2 - ϕn

l - α, xv > xn,ls  (ϕn
l > 0) . (43)

Note that γn
l  ( l > 0) is actually the radial angle between 

the target vehicle and the scatterer sn
l , so that the radial ve⁃

locity between the target vehicle and the scatterer sn
l  can be 

regarded as the radial velocity between the target vehicle 
and the n-th AP under the assumption that all scatterers are 
static or quasi-static.

According to the kinematic relation between the vehicle 
and the n-th AP, the radial velocity of the target vehicle con⁃
cerning the n-th AP can be expressed as:

vn
l = ì

í
î

v cos γn
l , toward AP movement ;

-v cos γn
l , reverse AP movement, (44)

where l ≥ 0. Obviously, based on achieving super-resolution 
channel estimation, highly accurate target vehicle localiza⁃
tion and motion state (including heading and velocity) can 
be perceived via channel parameters.
4.1 Case of Single AP

For the proposed V2I mmWave MIMO OFDM system, af⁃
ter the channel estimation stage, we can reap the channel pa⁃
rameters from the target vehicle to all APs so that the loca⁃
tion and motion of the target vehicle can be perceived 
through the geometric relationship. We define 
{ θ̂n

l , ϕ̂n
l , β̂ n

l , τ̂n
l , ν̂n

l }Ln - 1
l = 0  as the estimated channel path param⁃

eters from the vehicle to the n-th AP, where l = 0 means the 
LoS components of the n-th link. The vehicle’s position and 
heading can be consequently given as
p̂nv = pnAP + τ̂n0 c [ sinϕ̂n0,cosϕ̂n0 ]T,
α̂n = θ̂n0 - ϕ̂n0, (45)

and then the first-order reflection sn
l  can be reasonably ac⁃

quired by the intersection of the straight lines that respec⁃

tively start from the AP’s and vehicle’s location, i.e.
x̂n,ls = xnAP + ( y n,ls - y nAP )tanϕ̂n

l , l > 0,
ŷ n,ls = xnAP - x̂v + yv tan ( θ̂n

l - α̂ ) - y nAPtanϕ̂n
l

tan ( θ̂n
l - α̂ ) - tanϕ̂n

l

, l > 0. (46)
Next, the radial degree between the vehicle and the n-th 

anchor can be calculated as:

γ̂n0 =
ì

í

î

ïïïï

ï
ïï
ï

π
2 + ϕ̂n0 + α̂, x̂nv ≤ xnAP ;
π
2 - ϕ̂n0 - α̂, x̂nv > xnAP . (47)

and the estimated vehicle velocity at the n-th AP is:
v̂n = v̂n0

cos γ̂n0 , (48)
where v̂n0 = ν̂n0 c/fc, and ν̂n0 is the estimated Doppler shift from 
the LoS component. Moreover, it can be inferred the target 
vehicle moves toward the n-th AP if v̂n > 0 and vice versa.
4.2 Case of Multi-APs

For the case of multi-APs, we have the estimated time-

varying channel parameters as { θ̂n
l , ϕ̂n

l , β̂ n
l , τ̂n

l , ν̂n
l }Ln - 1,N

l = 0,n = 1. For 
a LoS path, the location of targets is determined only by the 
path delay and AoA with respect to the related AP, hence we 
develop the estimation of the vehicle’s location from the esti⁃
mated path delays and AoAs of all LoS paths between the ve⁃
hicle and APs. For simplicity, we ignore the subscript of the 
LoS path, and define the mapping as follows.

ηn ( pv ) ≜ é

ë

ê
êê
ê
ê
êarctan ( xv - xnAP

yv - y nAP ) ,  pnAP - pv 2
c

ù

û

ú
úú
ú
ú
ú

T

. (49)
For the n-th AP, n = 1,⋯,N, we have
η̂n =  ηn ( pv ) +  ωn, (50)

where η̂n = [ ϕ̂n,τ̂n ]T, and ωn is the measurement error. With⁃
out loss of generality, we assume ω ≜ [ [ ω1 ]T,⋯, [ ωN ]T ] T is 
distributed with mean zero and covariance Σω. Define 
η ( pv ) ≜ [ [ η1 ( pv ) ]T,⋯, [ ηN ( pv ) ]T ] T ∈ R2N, η̂ ≜ [ [ η̂1 ]T, ⋯,
[ η̂N ]T ]T ∈ R2N, and the estimation of the target location from 
multi-APs can be formulized as the following nonlinear 
weighted least-square (WLS) problem, i.e.
p̂ = arg min

p
[ η̂ - η ( p ) ] T

R [ η̂ - η ( p ) ]
            s.t. p ∈ Dv , (51)
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where Dv denotes the location range of the target vehicle and 
R can be chosen as R = I or R =  Σω

[29].
Next, we develop the Gauss-Newton method to iteratively 

solve Problem (51), which approximates the mapping η ( p ) 
by the first-order Taylor-series expansion at a given point 
p(0) as:
η ( p ) ≈  η ( p(0) ) +  J ( p(0) ) ( p -  p(0) ), 

J ( p(0) ) = ∂η ( p ) 
∂p |p = p(0). (52)

The nonlinear WLS Problem (51) can be converted to
p̂ = arg min

p
 [ η̂ - η ( p(0) ) - J ( p(0) ) ( p - p(0) ) ] T

R ×
      [ η̂ - η ( p(0) ) - J ( p(0) ) ( p - p(0) ) ]
     s.t. p ∈ Dv  , (53)

and the estimate of pv at the ( t + 1)-th iteration can be ob⁃
tained by
p̂( )t + 1 = p̂( )t + (JT ( p( t ) )RJ ( p( t ) ))-1

JT ( p( t ) )Δ ( p( t ) ), (54)
where Δ ( p( t ) ) = ( η̂ - η ( p( t ) )). The above iteration can pro⁃
ceed until the convergence condition ‖Δ ( p( t ) )‖ < ε is met, 
where ε is a predefined stopping threshold. Moreover, we 
can project the finally iterated result to Dv and make a sig⁃
nificative location estimation of the target vehicle.

Defining p̂v = [ x̂v,ŷv ]T as the estimate of the vehicle’s lo⁃
cation by Eq. (53), we then discuss how to obtain the ve⁃
hicle’s heading α and velocity v. Specifically, we first recon⁃
struct the observation of AoD at all APs as:

ϕ͂n = arctan ( x̂v - xnAP
ŷv - y nAP ) , n = 1,⋯,N, (55)

with which we have a series of remodeled heading as
ᾶn = θ̂n - ϕ͂n, n = 1,⋯,N. (56)
Let ῆα ≜ [ ᾶ1,⋯,ᾶN ]T, and an LS estimator of α can be 

given as
α̂ = arg min

α
  ῆα - ηα

2
2

s.t. ηα = 1 ⋅ α
     α ∈ Dα , (57)

where Dα denotes the angle range of the vehicle’s heading. 
The LS solution can be easily obtained as α̂ = 1

N ∑
n = 1

N

ᾶn.
Furthermore, we have a similar way to remodel the obser⁃

vation of radial angles at all APs as:

γ͂n =
ì

í

î

ïïïï

ï
ïï
ï

π
2 + ϕ͂n + α̂, x̂v ≤ xnAP ;
π
2 - ϕ͂n - α̂, x̂v > xnAP , (58)

with which we have v͂n = ν̂n ⋅ c
cos γ͂n ⋅ fc

 , where ν̂n is the esti⁃
mated Doppler shift from the LoS component of the channel 
between the n-th AP and the vehicle. Let ῆv ≜ [ |v͂1|,⋯,|v͂N|] T, 
and an LS estimator of v can be given as

v̂ = arg min
v

 ῆv - ηv

2
2

s.t. ηv = 1 ⋅ v
        v ∈ Dv , (59)

where Dv denotes the velocity range of the vehicle. The LS 
solution can be easily obtained as v̂ = 1

N∑n = 1
N || v͂n .

5 Simulation Results
In this section, we carry out experiments to illustrate the 

performance of our proposed method. In simulations, the AP 
is located at pAP = [ 21,0 ]T. The vehicle is located at pv =
[ 43,8 ]T and moving with a heading α = π

12  and a radial ve⁃
locity v = 40 km/h toward the AP. The number of paths 
L = 3 and we consider a distance-dependent path loss. For 
the LoS path (l = 0), β0 ∼ CN (0,10-0.1κ ), and κ = a +
10b log10(D) + ξ, in which D denotes the distance between 
the vehicle and the AP, and ξ ∼ N (0,σ2

ξ ). The values of 
a,b,σξ are set to be a = 61.4 dB, b = 2 dB and σξ = 5.8 dB 
as suggested by LoS real-world channel measurement[30]. For 
the NLoS path (l > 0), the complex path gain is 
βl ∼ CN (0,10-0.1( )κ + μ ), and μ is the Rician factor[31–32]. The 
carrier frequency is 28 GHz unless otherwise stated. There 
are Nt = 32 antennas at the vehicle (transmitter), Nr = 64 an⁃
tennas and Mr = 6 RF chains at each AP. The total number 
of subcarriers is Q̄ = 100, out of which Q = 10 subcarriers 
are selected for training, and the sampling rate is set to fs =
100 MHz. The number of subframes for training is set to K =
3, and the number of symbols in one subframe is set to P =
10. The beamforming matrices F and W are randomly gener⁃
ated with their entries uniformly chosen from a unit circle. 
The signal-to-noise ratio (SNR) is defined as:

SNR =  Y - N 2
F

 N 2
F , (60)
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where Y and N denote the received signal and the additive 
noise. The performance of our proposed method is evaluated 
by the mean square error (MSE), which is defined as

MSE (ς) = ∑
l = 1

L

| ςl - ς̂l |
2
, (61)

where ςl ∈ {θl,ϕl,τl,νl, βl} and the MSE is calculated sepa⁃
rately to examine the estimation accuracy for each param⁃
eter. We also leverage the Cramer-Rao bound (CRB) results 
for a baseline of the estimates of channel parameters. The 
CRB is a lower bound on the variance of any biased estima⁃
tor[33]. It provides a benchmark for evaluating the perfor⁃
mance of our proposed method.

The performance of our proposed method as a function of 
SNR is depicted in Fig. 2. It can be observed that the CRBs 
of all five parameters decrease exponentially against the in⁃
creased SNR. In addition, the MSEs of our proposed method 
converge to their lower bound while the SNR is increasing, 
which validates the efficacy of the proposed method for chan⁃
nel estimation. Specifically, the MSEs of AoA, AoD, Doppler 
shift and time delay are relatively close to its CRB, while the 
gap between the MSE and CRB of path gain is relatively 
wider, which may be subject to accumulated estimation er⁃
rors.

In Fig. 3, we show the normalized mean square error 

(NMSE) result for our proposed method as a function of 
SNR, in which the NMSE is defined by:

NMSE = ∑q = 1
Q  Ηq - Ĥq

2
F∑q = 1

Q  Ηq

2
F

,
(62)

where Ηq denotes the frequency-domain channel matrix as⁃

▲Figure 2. MSEs and CRBs associated with different parameters versus SNR

CRB: Cramer-Rao bound     MSE: mean square error     SNR: signal-to-noise ratio
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sociated with the q-th subcarrier, and Ĥq is its estimate. 
Thanks to accurate channel parameter estimation, the pro⁃
posed method can deliver a relatively accurate channel esti⁃
mate as long as the SNR is above 0 dB.

Based on the estimation of channel parameters, the loca⁃
tion, heading and velocity of the vehicle can be recovered 
from the geometric relationship as well as the motion rela⁃
tionship between the vehicle and each AP. To fully illustrate 
sensing performance, we compare the sensing performance 
of two cases namely single-AP and multi-AP for the V2I sys⁃
tem. Specifically, we consider AP1 is located at p1AP =
[ 21,0 ]T and AP2 is located at p2AP = [ 82,0 ]T. The vehicle is 
located at pv = [ 58, 12 ]T and moving with a heading α = π

12  
and a radial velocity v = 50 km/h toward AP2. The sensing 
performance of the two cases is plotted in Figs. 4, 5 and 6, 
from which we can observe that the sensing performance of 
the multi-AP case outperforms that of the single-AP case. 
The performance improvement can be intuitively explained. 
Because the vehicle is closer to AP2, the channel link be⁃
tween vehicle-AP2 is stronger than vehicle-AP1, which 
yields more accurate channel parameter estimation. In par⁃
ticular, the wider performance gap in estimating the vehicle’
s location between the multi-AP case and the single-AP case 
is caused by the accumulation of errors, as the location esti⁃
mation is based on both AoA and time delay estimates.
6 Conclusions

In this paper, a CP decomposition-based method is pro⁃
posed for high-accuracy channel estimation as well as sens⁃
ing in mmWave MIMO-OFDM V2I Systems. To characterize 
the Doppler shift due to the vehicle’s mobility, a time-
varying frequency-domain mmWave channel is derived, a 
novel frame structure is introduced and a CP decomposition-
based channel estimator is proposed. Utilizing the estimates 
of channel parameters in multi-APs, a nonlinear weighted 
least-square problem is proposed to accurately recover the 
location, heading and velocity of the vehicle. Simulation re⁃
sults are carried out to illustrate the effectiveness of the pro⁃
posed method in performing communication and sensing in 
mmWave MIMO-OFDM V2I Systems.
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